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I.  Sunoary  of  research  acconpliahments. 


This  is  a suoanary  of  Che  research  accompllshaenCs  during  Che  period 
from  Sepcenber  16,  1973  Chrough  SepCeaber  15,  1957,  idilch  Is  Che  duraclon 
of  Che  parclcular  granc  under  review.  The  granC  was  a conclnuaclon  of  a 
projecc  covered  by  four  previous  conCracCa  or  granCs  (DA-11-022-ORD-1869 , 
1955-1961,  DA-AR0D-31-124-G231,  1961-1965,  DA-AKOD-31-124-G737,  1965-1969, 
and  DA-AROD-31-124-G1154 , 1969-1973}  for  which  a coablned  final  Cechnlcal 
reporc  was  trrlCCen  In  April,  1974.  The  publlcaClona  llaCed  In  Chls 
reporc  %d.ll  be  chose  of  U.S.  Loud  which  were  noc  Included  In  Che  previous 
final  cechnlcal  reporc. 

The  flrsc  phase  of  Che  work  was  Che  coapleClon  of  Che  projecc  on 
scabillcy  regions  for  Hill's  equaClon.  The  results  were  published  In 
Che  paper  [l].  The  main  result  was  a description  of  the  asymptotic  be- 
havior of  Che  stablllCy  regions  for  large  values  of  the  parameters  In  the 
equation.  Equations  for  asymptotic  curves  for  the  stability  boundaries 
were  obtained  In  a number  of  cases. 

The  principal  thruac  of  the  work  on  chls  project  over  most  of  the 
four-year  period  has  been  the  study  of  branching  phenomena  associated 
with  general  boundary-value  problems  for  ordinary  differential  equations. 
The  problem  considered  has  been: 

(1)  x*  - r(c,x,w)  Ax(a)  Bx(b)  - k 

where  It  Is  further  assumed  chat  there  Is  a solution  x (t)  of  the  p'roblen 

o 

when  u 0 . If  the  associated  variational  problem 

y'  - Fj^(t,x^(t),0)y  Ay(a>  + By(b)  « 0 
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has  nontrivial  solutions,  there  is  the  possibility  of  branching  of  the 
set  of  solutions  of  (1)  at  p ■ 0 into  several  solutions  all  reducing  to 
x^(t)  as  p -*■  0 . The  case  where  the  differential  equation  In  (1)  la 
a scalar  equation  of  higher  order  than  first  has  also  been  studied.  Also, 
the  parameter  p In  (1)  has  been  allowed  to  be  a vector  so  that  the  case 
of  several  parameters  varying  independently  Is  included. 

Results  have  Included  a qualitative  description  of  the  simpler  cases 
of  branching  for  both  the  vector  case  and  the  scalar  case.  The  qualitative 
results  depend  on  the  ranks  of  certain  matrices  associated  with  the  problem. 
The  technique  in  the  vector  case  Is  as  follows.  Let  x(t,C»w)  be  that 
solution  of  the  differential  equation  In  (1)  for  which  x(a)  C • 

Thus  x^(t)  * x(t,0,0)  . Then  define  the  vector  function  F((,p)  by 

F(C.P)  • /ac(a,C,p)  + Bx(b,C,p)  - Ax  (a)  - Bx  (b) 

o o 

- A«  + B x(b,C»M)  - x^(b)  . 

o 

Solutions  of  (1)  then  correspond  to  parameter  values  (C>p)  ^or  which 
F(C,p)  ■ 0 . Let  J be  the  n x n matrix  F^(0,0)  and  let  H be  the 
n X (o4«)  matrix  F^(0,0)  :F^(0,0)  where  m Is  the  dimension  of  p . 

There  is  no  branching  if  J (and  hence  M)  is  of  rank  n . For  values 
of  rank  J less  than  n there  is  often  branching  at  C * p ■ 0 the 
exact  form  of  branching  dapending  on  the  rank  of  II  , which  is  at  most 
n and  also  at  most  rank  J 4>  a , When  rank  J * n>l  and  rank  M - n 
there  Is  a manifold  In  p-space  passing  through  the  origin  with  a well- 
determined  tangent  hyperplana  such  that  for  p on  one  side  of  this 
manifold  there  are  two  aolutlons  of  (1)  while  for  p on  the  other  side 
of  the  manifold  there  are  none. 
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The  results  for  s scslsr  equation  of  second  order  vlth  one  parameter 
were  presented  in  1975  at  the  International  Congress  on  Honllnear 
Osclallatlons  In  Berlin.  The  proceedings  of  this  congress  have  not  jret 
appeared  as  of  October,  1S7/.  The  results  for  a scalar  system  of  second 
order  with  two  parataaters  are  given  In  the  paper  [2]  and  have  also  appeared 
in  suimaary  fora  in  the  proceedings  of  the  International  Syaposlua  on 
Omaalcal  Syateas  held  In  Gainesville,  Florida  in  March,  1976.  The  results 
on  vector  systems  have  been  obtained  to  some  extent,  and  a fairly  exten- 
sive paper  Is  In  preparation.  Since  the  results  were  obtained  with  the 
support  of  this  grant,  copies  of  the  final  paper  will  be  sent  to  the  Durham 
office. 

A further  phase  of  the  project  has  had  to  do  with  the  group  inverse 
of  a differential  operator  and  its  application  to  branching  problems  for 
nonlinear  systems.  The  group  inverse  of  a square  matrix  A is  a matrix 
A^  such  that  AA^A  ■ A , A^AA*>  A*  and  A/^"  A^  A . Such  a matrix  exists 
uniquely  if  and  only  If  tbs  rangs  and  null  space  of  A have  no  nonxero 
elements  In  comswn.  The  same  results  hold  for  linear  operators  in  Hilbert 
space  for  which  the  null  specs  of  the  operator  and  the  adjoint  operator 
have  the  same  finite  dimension.  Such  operators  include  ordinary  differential 
operators  which  appear  in  certain  branching  problems,  particularly  with 
the  technique  developed  by  Cesari,  Hale,  and  others  for  periodic  solutions. 
Results  in  this  srea  have  been  obtained  and  a paper  embodying  them  Is  in 
preparation.  Again  since  the  results  of  the  paper  %rera  obtained  with  the 
support  of  this  grant,  copies  of  the  paper  will  be  sent  to  the  Durham 
office. 
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